We develop an event generator, NLL-QEDPS, based on the QED shower including the next-to-leading logarithm correction in the e + e − annihilation. The shower model is the Monte Carlo technique to solve the renormalization group equation so that they can calculate contributions of α m log n (S/m 2 e ) for any m and n systematically. Here α is the QED coupling, m e is the mass of electron and S is the square of the total energy in the e + e − system. While the previous QEDPS is limited to the leading logarithm approximation which includes only contributions of (α log(S/m 2 e )) n , the model developed here contains terms of α(α log(S/m 2 e )) n , the the next-to-leading logarithm correction. The shower model is formulated for the initial radiation in the e + e − annihilation. The generator based on it gives us events with q 2 , which is a virtual mass squared of the virtual photon and/or Z-boson, in accuracy of 0.04%, except for small q 2 /S.
Introduction
In high energy reactions with electron beams, it is important to study radiative corrections [1] . For this study event generators are indispensable tools. We have made the event generator, QEDPS [2] - [5] , for radiative corrections in the e + e − annihilation based on the shower model, which can radiate any number of photons. However, this model is limited to the leading logarithm(LL) approximation. In this paper
we develop a shower model in the next-to-leading logarithm(NLL) approximation [7] - [10] . The magnitude of the NLL order correction is of α 2 /π 2 log(S/m 2 e ), which is about 0.0001, if √ S is 100GeV. So the NLL shower might be irrelevant to actual measurements. However this is wrong since contributions due to soft photons are large. They are estimated to be α 2 /π 2 log(S/m 2 e ) log 2 (E γ / √ S), which is about 0.005 if the measured energy E γ for a observed photon is 100MeV. This value is not negligible in precise experiments.
In this paper we limit the event generator in the NLL approximation to the e + e − annihilation, especially to the radiative process on the initial state. Applications of the NLL shower to other process such as the Bhabha scattering [3] are discussed in other papers.
Our study is completely based on the renormalization group equation(RGE), which has been developed well in QCD [6] . First we clarify meanings of the NLL order approximation. Let us consider a dimensionless observable F (Q 2 /µ 2 , α 0 ) with the mass scale Q 2 and the renormalization point µ 2 . If the coupling α 0 is small at µ 2 and the ratio Q 2 /µ 2 is large, the RGE shows us that F (Q 2 /µ 2 , α 0 ) can be expanded by the coupling constant after summing terms of [α 0 log(Q 2 /µ 2 )] n for all n.
F (Q 2 /µ 2 , α 0 ) = F (1) (α 0 log(Q 2 /µ 2 )) + α 0 F (2) (α 0 log(Q 2 /µ 2 )) + α 2 0 F (3) (α 0 log(Q 2 /µ 2 )) + ...
The first term is the LL order approximation. If the the second term is included, the approximation is of the NLL order.
Sect.2 contains discussions on the RGE and the formulas needed for later sections.
In Sect.3 we apply them to the e + e − annihilation process and give quantities such as the anomalous dimensions explicitly. In Sect. 4 we formulate the shower model briefly. In Sect.5 we discuss the singular behavior of the NLL order correction. The simple perturbative expansion breaks down due to effects of soft photons so that more sophisticated techniques are introduced. Then the effective shower model in the LL order is given. At this stage the model has the same form as that in the LL order model. But some constraints are imposed so that it has included some contributions of the NLL correction. Sect.6 contains results of the effective shower model. In Sect.7
we present the explicit form of the second order P function used in the NLL shower model. In Sect.8 we construct the event generator by defining kinematical variables in terms of the variable in the shower model. Also some problems on the construction are pointed out. The NLL approximation needs the second order coefficient in the β−function of the coupling, but we drops contributions from this coefficient, which is discussed in Sect.9. In Sect.10 we present a method to compensate results by the shower because they contain the Q 2 -independent contribution due to the constraint.
Sect.11 is devoted to conclusions and discussions, where numerical results in our study are summarized as well as limitations of our model are given. Also we make some comments on applications of our model to QCD.
We present three appendices for some technical parts of our model. Appendix A gives us relations between the usual perturbative expansion and the RGE. In Appendix B we discuss the approximation that is made in order to get analytical expressions for results by the shower model. In Appendix C we present compact descriptions for the shower algorithm, which we apply to compensating results for the Q 2 -independent contribution.
Renormalization group equation
In the RGE [6] , the value of the coupling depends on µ 2 , so that it is not constant, but the function of µ 2 , α(µ 2 ). Then the derivative of the coupling by µ 2 is given by the function of the coupling only.
Solving this equation, we obtain that
Hereᾱ is called the running coupling. If one applies the RGE to the dimensionless
γ(α) is the anomalous dimension which is the function of the coupling α only and depends on a process. Then we solve this equation to obtain that
In the NLL order,
Solving Eq.(2) on the running coupling,
If α 0 is small but α 0 log(Q 2 /µ 2 ) is large, we keep any term of [α 0 log(Q 2 /µ 2 )] n and drop terms of α
Then we obtain the explicit formula for the coupling at Q 2 in the NLL order.
The integral inside the exponential of (4) on the anomalous dimension is carried out in the NLL order
The Q 2 dependence of F (Q 2 /µ 2 , α 0 ) can be expressed by β 1 , β 2 , γ 1 , γ 2 and notations used in Appendix A.
To obtain the formula for the Q 2 dependence, we take the ratio of F (Q 2 /µ 2 , α 0 ) and
Here since (
Then we expand terms of α−α 0 in the exponent and drop terms of (α−α 0 )
Finally we describe the explicit expression of the
The above is the fundamental equation for the NLL shower model.
Annihilation
In this section we present explicit formulas for the annihilation cross section.
When σ 0 (Q 2 ) is the bare cross section, i.e. the cross section without any radiative correction, the observed cross section is expressed by the structure function D(x, Q 2 ) and the coefficient function C(x, α) [11] .
where S is the total energy squared.
In oder to solve the RGE in the NLL order analytically, we take moments of Eq.(13).
Here they are given by taking moments.
D(n, Q 2 ) corresponds to the exponential term in Eq.(4), while C(1,ᾱ) does to
Then we obtain the Q 2 -dependence of the cross section, as in Eq.(11).
Here we summarize γ 1 (n), γ 2 (n) and other quantities needed for the annihilation process. In order to get the DGLAP equation, which is used in the shower model, we replace the variable µ 2 by Q 2 in the RGE, so that the equation of D(n, Q 2 ) on 
Here P (x, α) is called P function, which is defined by the anomalous dimension
P (x, α) is divided into the LL and the NLL terms.
Here we introduce the +notation for a function f (x).
The explicit form of γ 1 (n) is useful for examining the model.
).
Here we introduce functions on the summation.
The NLL term in the moment expression is not so compact so that we present only
, which is found in Refs. [7] , [10] 1 .
Here C 1 (x) has been calculated for the Drell-Yan process in QCD [11] , which is the sum of C ep+ in the deep-inelastic scattering and an additional term ∆C(x).
In our model we make use of the scheme dependence, which says that only the combination of −2
C 1 (n) can be predicted by the RGE, but each quantity is not. By making use of this freedom, we can putC 1 (n) = 0.
That isγ
OrP
In our model we useP (2) (x), which means that the hard cross section is not employed.
Shower model
The shower model that we call in this paper is the Monte Carlo method to solve the DGLAP equation by repeating the branching that the electron branches out into the child electron and the photon, where a variable x and a virtual mass squared K 2 are generated. Here x is the energy fraction of the child to one of the parent, while K 2 is the absolute value of the virtual mass squared of the child. So the moment
calculated by the shower model agrees with the analytic result of the RGE completely within the statistical error. Here x i is x at the i−th branching and L is a number of branchings in one branching process.
The shower model needs the scheme to cutoff the infrared singularity, though it is arbitrary. Since we would like to apply the shower model to the event generator that produces electrons, photons and other particles in simulations, we adopt the following cutoff scheme.
The definition of x, which is necessary to construct the generator, is given in Sect.8.
Also our shower model employs the double cascade scheme, in order that the electron and the positron make the branching process independently [8] , [2] , [4] . In this scheme we impose the constraint to x.
By using these constraints, we can apply the Monte Carlo method to generate x and K 2 , as described in Ref. [2] .
5 The singular behavior of the NLL order correction
In Sect.3 we presented the P function in Eq.(32), which we use in the shower model. As x → 1, the most singular behavior of this function is
This is dangerous, since it can become larger than the singular LL term, which is
In order to make the branching stable, it was suggested to use the running coupling
into the model in Ref. [7] . By this replacement, the singular behavior of P function is
In the deep inelastic scattering, indeed A = 4πβ 1 , so that the dangerous term disappears after the replacement. On the other hand we have A = 8πβ 1 in the annihilation. By this method 4πβ 1 of them can be included into the running coupling.
We have to include the remnant 4πβ 1 terms into the effective LL form in order to remove the dangerous term in the second order P function. This can be done by taking account of the kinematical constraint in the annihilation as follows.
In the annihilation, both electron and positron to radiate photons.
This implies that the spacelike virtual electron(p 1 ) and positron (p 2 ) annihilate into the virtual photon(q). Although we can calculate q 2 by p 1 , p 2 , as seen in Fig.1 , we make the approximation that
Here
. The accuracy of this approximation is discussed in Sect.8.
Therefore our shower model calculates moments with respect to the variable
should agree with the structure function
(35)
) is the non-branching probability that the electron does not branch for possible virtual mass squared between Q 2 and Q 2 0 . In Eq.(34) the first term represents the no-branching case so that the moment is unity for any n. The front term on the exponential does the last branching, while the exponential appears after repeating branchings. The reason for the special form on the last branching is that there the virtual mass squared is involved in the moment, as seen in Eq.(33).
In order to obtain the expression that is possible to be calculated analytically,
The error due to this approximation is discussed in Appendix B. We write
, and we perform the integrals for I s (n, Q 2 ).
Then we integrate I s (n, Q 2 ) over x and t, where we assume that n is not so large so that contributions from regions of z ∼ 1 can be neglected. Also we neglect O(ǫ)
terms. Finally we obtain
where
In Eq.(38), the first term is the LL order while the the second order is the NLL order, though it contains the Q 2 -independent contribution. By noting that α = (α−α 0 )+α 0
one can see that the second term has (α/2π) 2 log(1 − x)/(1 − x) and its coefficient is 8πβ 1 as expected.
Results by the shower in the effective LL order
Summarizing the discussion in the previous section, Eq.(38) was derived by adopting the three schemes:
1) to use (1 − x)K 2 for the argument of the running coupling, i.e. at the branching we employ the following coupling,
.
As pointed out in Ref. [7] , (1 − x)K 2 is about the transverse momentum squared at the branching.
2) the double cascade scheme [8] , where we impose the constraint of
3) to define q 2 in the annihilation as
The moment of x b (1 − t) by this shower in Eq. (38) is calculated in the analytic form.
Some comparisons between analytic calculations, Eq. (41), and results by the shower model are shown in Table 1 . There we assumed that µ 2 = 0.25×10 
In order to calculate the absolute value as well as the Q 2 -dependence for the structure function by the shower model, we have to compensate it for the contribution due to
The method for the compensation is discussed in Sect.10.
In this section we give the second order P function P (2)ef f (x), which is used in the shower model. Since our model imposes that the coefficient function is zero so that the NLL contribution can be given byP (2) (x) in Eq.(32). As discussed in Sect.5 and 6, our shower model contains the NLL contribution, ∆P (x), through
, the double cascade scheme and the definition of q 2 , as described in Eq.(38). In the NLL shower we employ these schemes so that the structure function
By performing the integral similar to one in the previous section, we have
Here we neglected terms of order of α 2 0 or α 2 .P (2) (x) in Eq.(32) should equal to
which is free from the singular term log(1 − x)/(1 − x), as is expected.
Event generator
In this section we present the event generator based on the shower model, which was described in Sect.4-7. In order to determine four momenta of the produced particles we define x to be a fraction of +(−) component of lightcone variables for electrons(positron).
Here four momenta are denoted as (p x , p y , p z , E) and P − (P + ) denotes a lightcone variable of the initial electron(positron) [2] . At the branching of e
, the momentum conservation imposes the following equation.
where k T is the transverse momentum, (p x , p y ). Here note that the electron during the branching process is spacelike. Our cutoff scheme,
Using an arbitrary azimuthal angle φ, K 2 , K ′2 and x one can determine four momenta of the electron and the photon after the branching.
These equations determine four momenta of all particles completely. This implies that in the annihilation process the four momentum q of the virtual photon and/or Z-boson is the sum of momenta p 1 and p 2 of the electron and positron after the branching process, that is q = p 1 + p 2 (See Fig.1 ). Then the virtual mass squared of the four momentum is
The variable τ = q 2 /S equals
Here we used t = K 2 /S. In the generator the ratio τ is given by the above equation, but not by x b1 x b2 . Although the RGE predicts moments on τ , as described in Sect.3, τ of (54) is not a good variable for the shower model, because it gives us moments on
, as discussed in Sect.5. We present the detailed discussion on the accuracy of the generator, which uses τ .
Let us discuss differences between moments on τ and τ ′ . First note that the last term, 2 p 1T p 2T , in the above equation is zero if averages are took, because angles between these vectors are arbitrary. Next τ can be negative while τ ′ is always positive. Of course the negative τ is unphysical so that the event with the negative τ is abandoned. We introduce a variable τ that can be negative and whose moments are possible to be calculated analytically, which is
In this definition τ might be negative. A case of being negative is counted as an event, but these negative values are replaced by zero. Also the generator can fail to make four momenta for the virtual photon and/or Z-boson, i.e. τ is negative. The failed case is counted as an event and τ is set to be zero. Results on moments of τ , τ and τ ′ for a total number of 10 8 are presented in Table 2 . Differences on data for τ in the generator and τ in the shower are quite small and less than 10 −5 . So we can conclude that moments of τ in the generator is accounted by those of τ . We can estimate analytically differences of moments on τ and τ ′ , which are of order of 10 −3 and decrease rapidly as n rises. They are
Here for simplicity we neglect P (2)ef f (x). If we neglect the running effect on α and approximate D d (n, Q 2 ) by the difference between the first terms in expansions by α,
Under these approximations,
The values of the expression (57) presented in Table 3 can account for the difference on the moment of τ ′ and τ . For an example, the moment of n = 2 in Table 2 is 0.93212, and 0.93118, while Table 3 shows the difference 0.00093, which agrees with the difference.
β-function
In this section we estimate contributions by the second order correction β 2 in the beta function. Using Eq.(6) for the running coupling, α − α 0 is given by
Inserting the explicit expression of the running coupling, the integral on the anomalous dimension I γ in Eq. (7) becomes
In the QED process α 0 β 1 log(Q 2 /µ 2 ) is small so that the logarithm of the second term is approximated as follows.
This leads to cancellation of the terms with β 2 .
The leading term in the neglected terms is
, which is less than 10 −6 if one uses actual values for α 0 , β 1 , β 2 , γ 1 and Q 2 /µ 2 = (100GeV/0.5MeV) 2 = 2.5 × 10 11 . Therefore we can neglect the term with β 2 safely.
Q 2 -independent contribution
As discussed in Sect.5, the shower model contains the Q 2 -independent contribution. In other words, the structure function is not δ(1 − x) at Q 2 = µ 2 , but its moment is given by D f (n) of Eq.(42). In study of the radiative corrections on QED, the absolute value of the cross section, not its Q 2 -dependence, has to be calculated.
So we would like to compensate the structure function for the the Q 2 -independent contribution D f (n). On the moment we only divide results by D f (n).
Here D cmp (x, Q 2 ) is the structure function after the compensation. However, in the generator we need the inverse Mellin transformation. The product of moments is equivalent to the convolution integral of the function in the transformation so
In the shower the convolution integral is realized by the procedure that x of the initial electron is fixed according to the probability D f (x) and then we make the branching process, which induces the structure function.
For performing this we are confronted with three problems. First the explicit form of D f (x) is difficult to calculate. Here we use the shower algorithm to get x, which is described in detail in Appendix C.
Second the function D f (x) is not positive necessarily so that it could be used as the probability. Equivalently the splitting function −∆P (x) in
is negative at x near zero. Since −∆P (x) is concentrated near x ∼ 1, we must be contented with an approximated ∆P A (x), which is modified near x ∼ 0. The approximated ∆P A (x) is given by
Here x c is fixed to satisfy the condition,
The third problem is that the total energy squared S of e + e − system is changed by x 
Next we examine numerical results related to
in Table 4 . One finds the agreement between results by the shower algorithm and the moment (D f (n)) −1 except those for small n. The differences are less than 0.01%. In order to confirm that these differences are due to the second problem, we calculate the moment D f,A (n) through the numerical integration to show these results in the same table. The agreement between values of the second and the third column supports our discussion strongly.
Conclusions and discussions
In this paper we have formulated the shower model including the NLL correction in the e + e − annihilation and developed the generator. Results on the Q 2 -dependence of moments by the generator are summarized in Tables 5, 6 and 7. Here the moment for n = 1 is fixed to be unity because it is the event normalization, so that the analytic value is the ratio between the n−th moment and the first moment. Analytic results in the NLL order are 0.03% of the LL order ones for small n, but they increase as n rises and are about 0.2% for n = 100. The effect of the NLL order is small, but could not be neglected in precise experiments as at LEP or in future colliders. Results of our shower model agree with the analytic calculations of the NLL oder in accuracy of 0.04%. The agreement in the generator is worse for small n, because events might not satisfy with the kinematics constructed by the shower model. Simply speaking, the constructed value for q 2 becomes negative in these events. Table 7 shows differences between moments by the shower model and the analytic one, and those between moments by the generator and the analytic one in the NLL order. Values in the table indicate the magnitude of the systematic error in the present shower and the generator in the NLL order.
Next we mention some comments on limitations of our model. First the accuracy found in q 2 distributions may not be common to other distributions such as the transverse momentum distributions of radiated photons. One of reasons is that we do not include the cross section for the emission of a photon with a large transverse momentum.
Also we neglect effects by the three-body decay in the shower because there is a less interest on detailed distributions of photons. Further we neglect the mixing
, which is a contribution that the electron radiates into the spacelike positron with the pair creation, since its effect is expected to be very small.
Third our shower model is limited to the non-singlet case where there are no contributions by radiations with the spacelike photon. A reason for this limitation is that in experiments one can exclude events with the electron positron pair easily, which correspond to pure singlet radiations, as well as that they are quite small.
Finally notice that we use S for the mass scale of the RGE, but not q 2 .
In this study we have examined our model in the moment form. But from a experimental view, analyses in the x-space are desired, which will be discussed in coming papers. Also we have to discuss the accuracy of our generator in detail by applying it to several realistic processes such as the muon pair production or the Z−Higgs production.
Finally we would like to stress that our study on the NLL shower is quite important for QCD, where the NLL shower has been developed. Because there has been no study on the Q 2 -independent contributions by the shower algorithm in QCD.
Also precise discussions have led us to the deeper understanding of the shower models. Therefore our study stimulates the interest on further developments of QCD showers.
Appendix A
In this appendix we explain results of the RGE in terms of the perturbative expansion. In the perturbative expansion by the coupling α 0 at µ 2 , the dimensionless quantity F (Q 2 /µ 2 , α 0 ) is calculated up to some order of α 0 .
Here we assume that the mass scale is only Q 2 . In order to compare results of the RGE with those of the perturbative calculation, the ratio
should be used, because the RGE can calculate the Q 2 -dependence only. The ratio is given by
The physical quantity contains only log(Q 2 /µ 2 ) and the order of power of the logarithm is less than the order of the coupling constant. Therefore
The result by the RGE has been discussed in Sect.3 and is summarized by Eq.(12).
If we drop terms of α n 0 (n ≥ 3) in this equation,
Since the perturbative expansion (69) should agree with (70) by the RGE, we obtain relations between γ, β and f . f
If we neglect the running effect i.e. β 1 = 0, we have the simple relation for f
Appendix B
In this appendix we discuss the analytic expression for the moment of
in the shower model. We need some approximations in order to get the analytic expression for the moment, which is defined in Eq.(34) in Sect.5. The approximated, but analytic expression is given by the expression (36), from which we obtain Eq.(38).
A conclusion in this appendix is that the difference between the expression (34) and (36) is of order of α 2 and of n 0 , and does not have the Q 2 -dependence except one due to the running effect.
First note that the expression (36) equals to
Since the factorization can apply to the non-branching probability, we have
Then the expression (36) becomes
We examine a difference Dif f = (34)-(36).
Dif f
If the exponential is expanded by α, Dif f
Here we would like to show that this difference is not proportional to log(ǫ) and finite as n increases. But it is difficult to obtain the analytic expression for Eq. (75) so that we calculate the simpler expression by replacing the running coupling by α 0 . This approximation could not change the essential property of Eq.(75). If this expression is finite as ǫ becomes zero, it is not proportional to log(ǫ). So we set ǫ zero in Eq.(75). Then the difference is approximated by
This integral is possible to be expressed analytically, which implies that Eq.(75) is finite as ǫ goes to zero. But this expression is too long to understand the property.
In order to confirm that Eq. (76) is finite as n increases, we present numerical values of them for various n in Table 8 , which supports our conclusions. Summarizing this appendix, the error by the approximation on D s (n, Q 2 ) is of order of α 2 and n 0 so that we can neglect this difference safely.
Appendix C
In this appendix we present the shower algorithm to generate x according to that the moment is given by Eq.(64), which is
We introduce D f (n, x max ), which is
Since the exponential is expanded to be the infinite series,
we can separate contributions of the no-branching and the branching with one or more particles.
By this equation the probability for no-branching P r N (x max ) is that
While the probability P r E (x)dx for the first branching at [x, x + dx](x < x max ) is given by
By replacing x max by x, we can repeat the use of Eqs. (80) and (81). Then we obtain the following iterative algorithm for the shower.
• step(1) Set x m = 1 and x b = 1.
• step(2) Calculate a probability of stop, P r N (x m ) = exp(− xm 0 dyI f (y)).
• step(3) Generate a uniform random number ξ(0 < ξ < 1). If ξ is less than the probability, go to step(5).
• step(4) Calculate x that satisfies
Replace x b by x b x. Then set x m = x and go back to step(2).
• step (5) 3 -0.08570% -0.01171% -0.09262% -0.01624% -0.09109% -0.01249% 4 -0.06095% -0.00395% -0.06951% -0.01075% -0.06612% -0.00565% 5 -0.04660% -0.00012% -0.05688% -0.00872% -0.05194% -0.00254% -0.01557% -0.01292% -0.04194% -0.03921% -0.03194% -0.02892% Table 7 : Differences between the analytic results and the generator's or the shower's ones. The ratios of them are shown. The columns with q 2 /S denote the ratios by the generator. We neglect the statistical error. Here the shower and the generator compensate for the Q 2 -independent contributions. 0.9574E-05 The schematics of the annihilation process. The electron(positron) has the momentum P 1 (P 2 ) initially, and does p 1 (p 2 ) after the branching process. The momentum of the virtual photon is denoted by q.
